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Abstract

These are notes accompanying a series of 3 lectures at the ICRA 2026 in Grenoble. They
give a brief introduction to tensor-triangular geometry with examples drawn from algebra
and representation theory. Emphasis is put on general tt-geometric methods and how they
apply in these examples. Only some familiarity with derived categories is assumed.
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1 Introduction

The classification problem Let G be a finite group, kG the group algebra, and suppose
we set ourselves the task of studying kG-modules. Specifically we may ask, maybe ideally,
for a classification: a “list” of indecomposable finitely generated kG-modules such that each
isomorphism class of such modules occurs exactly once. Three things can happen: the list
is finite, the list is infinite but “manageable™/”useful”, or the list is of little to no practical use
because we can’t “explicitly” describe it. These are roughly known as finite, tame, and wild



classification problems. It is a fact of life that most examples are wild. In other words, a
classification of G-representations up to isomorphism isn’t a reasonable endeavour in most
cases.

Of course, in such cases it is still meaningful to try to classify certain classes of modules:
projective, simple, ‘invertible’, .... However, if we don’t want to restrict ourselves to such
classes we need to relax when two modules should be considered equivalent. An example of
this would be to identify two modules if they are made out of the same simple modules (in that
the components in a maximal decomposition series are the same). This is the same as saying
that their class in Ko(mod(kG)) coincide (the Grothendieck group of kG-modules, which is
nothing but the representation ring of G over k).

Cohomology and derived categories Or: since that classification was already impossible
why not consider an even more difficult one? Recall that the derived category DP(kG) of
finitely generated kG-modules has some pleasant features:

* It receives a fully faithful functor mod(kG) — DP(kG); in other words, we don’t loose
information by passing to the derived category.

* For M, N € mod(kG) one has canonical isomorphisms Hompg ;. (M, YIN) = Ext'(M, N);
in particular (for M = k), the derived category encodes group cohomology H'(G; N).

The first point tells us that classifying objects in Db (kG) up to isomorphism is typically wild
as well." In these notes we will be interested in a particular equivalence relation, called -
equivalence (or tensor-triangular equivalence), on the objects of D (kG).

Tensor-triangular geometry Crucially, this equivalence relation takes into account the
tensor structure that is induced by endowing the k-linear tensor product M ®, N with the
diagonal G-action. We will see that tt-equivalence classes form an algebraic structure that can
equally be represented by a topological space, called the spectrum.

In fact, the definition of tt-equivalence is just in terms of the tensor triangulated structure
and hence makes sense for any tensor triangulated category C, yielding a space Spec(C). The
theory governing this association (and by now a lot more) is called rensor-triangular geometry,
and was developed to a large extent by Paul Balmer, see e.g. [Baliob]. One of the main goals
of these notes is to reprove Spec(Db(kG)) = Spec(H"(G; k)) where the right-hand side denotes
the (homogeneous) spectrum of the graded cohomology algebra, a result due to Dave Benson,
Jon Carlson and Jeremy Rickard [BCRo7].

Let us come full circle and note that in contrast to the original classification problem (whose
solution was sometimes useful and sometimes inachievable or useless), the space classifying tt-
equivalence classes, Spec(H*(G; k)), is a computable and well-behaved space. (It is essentially a
projective algebraic variety.) We will discuss at the end how the support of kG-modules in the
sense of tt-geometry recovers the classical support variety, and how thereby abstract results in
tt-geometry imply important results on these support varieties.

"There is a notion of Ky for a triangulated category (which splits triangles instead of short exact sequences) and

it turns out that Ko(DP(kG)) = Ky(mod(kG)) which might be reassuring or disappointing, depending on your
viewpoint.



More generally, experience shows that Spec(C) often encodes in a useful way important
structure pertaining to C, in fields as varied as representation theory, algebraic topology or
algebraic geometry (although we will only get a few glimpses into that beyond the represen-
tation theory of finite groups). The reader will have no issue finding other texts that emphasize
applications in these other fields.

2 Preliminaries

Remark 2.1. Asmentioned, tt-geometry will apply to ‘derived’ contexts and we need to decide
what language to use to deal with these contexts (triangulated, stable co-, dg-, ...). Before
we do that let us stress that the outcome (at least as far as we will cover in these notes) does
not depend on this decision (and it is straightforward to translate the constructions between
the languages). Since we expect students at this event to be more familiar with triangulated
categories we chose that one.

Definition 2.2. Recall that a triangulated category is an additive category C together with an
autoequivalence X: C — C (called the shift or suspension) and a collection of sequences

(2.3) e Lbdcsa

called distringuished triangles, satisfying a list of axioms that suggest to think of ¢ as the derived
cokernel of f (we call it the cone or cofiber) and of a as the derived kernel of g (we call it cocone
or fiber). Sometimes, b is called an extension of a and c.

Remark 2.4. In particular, given such a distringuished triangle, applying Home (x, —) gives
rise to a long exact sequence of abelian groups.

Example 2.5. Let A be a ring and consider Cpx(A), the category of complexes of (say, left)
A-modules. The localization D(A) := Cpx(A)[qis™'] with respect to quasi-isomorphisms is the
(unbounded) derived category of A and it has a* canonical structure of triangulated category.
If A is (left) coherent then restricting to finitely presented A-modules and bounded chain
complexes gives rise to the (hounded) derived category D (A), a full subcategory of D(A).

Example 2.6. Continuing with the previous example, let My — M, — Mj be a short exact
sequence of A-modules. There is a distinguished triangle in D(A) of the form M; — M, —
Ms; — L. For any A-module L, applying Homp4) (L, —) yields the long exact sequence of
Ext-groups, due to Homp ) (L, Z'M) = Ext} (L, M).

Definition 2.7. Let C be a triangulated category. A triangulated subcategory C’ C C is a full
additive subcategory closed under =*! and extensions. A thick (triangulated) subcategory is a
triangulated subcategory that is closed under direct summands: ifa® b € C’ thena € C'.

Example 2.8. Given a collection of objects X in a triangulated category there is a smallest
thick (resp. triangulated) subcategory containing X. We denote it by thick(X). For example,

2the pedant says: “actually two”...



thick(A) € D(A) is called the perfect derived category of A and denoted DPerf (A). This gives rise
to a sequence of thick subcategories (when A is coherent)

(2.9) DPerf (4) € DP(A) C D(A).

Exercise 2.10. Show that a triangulated subcategory has the 2-out-of-3 property for triangles:
if two out of a, b, ¢ in (2.3) belong to the subcategory then so does the third. (So, a triangulated
subcategory is indeed the obvious thing.)

Definition 2.11. An exact functor F: C — C’ between triangulated categories is an addi-
tive functor F: C — C’ together with a natural isomorphism ¥’ o F = F o ¥ which sends
distinguished triangles to distinguished triangles.

Example 2.12. A ring morphism A — A’ yields exact functors on derived categories that
form an adjunction D(A) —= D(4’) .

Exercise 2.13. An exact functor is an equivalence iff the underlying functor (forgetting the
triangulated structure) is an equivalence.

The other ‘t’ in tt-geometry stands for the tensor product, the abstract structure of which
we recall below. The example to keep in mind, of course, is the usual tensor product of vector
spaces or abelian groups, or more generally, R-modules when R is commutative.

Definition 2.14. A symmetric monoidal category is a category C and a bifunctor ®: CxC — C
(called the tensor product), a unit 1 € C together with natural isomorphisms expressing associa-
tivity, symmetry and unitality. In principle there is a lot of structure and axioms to unpack.’
However, for our purposes these will play little to no role. The only thing to remember is that
a®b=b®a, 1®a=aand that we may unambiguously write a ® b ® ¢ without parentheses.

Remark 2.15. Similarly, a symmetric monoidal functor is a functor between symmetric monoidal
categories that preserves the tensor product and unit up to natural isomorphisms. Again, in
principle there are lots of coherences such a functor is required to satisfy. However, for our
purposes we can ignore these.

Example 2.16. Let A be a cocommutative k-Hopf algebra where k is a field (or commutative
ring), e.g. A = kG is the group algebra of a group G. Given two left A-modules M and N, the
tensor product M ® N has a natural A-module structure, described by

A ®p (M®kN)l>(A®kA)®k (M@ N)= (A M)® (A® N) > M@ N

where c¢ is the comultiplication of A and the last map is induced by the A-modules structures
on M and N, respectively. The unit is k with the counit providing the A-module structure.
For example, if A = kG as above, g € G acts via

g(m@n) =gme gn,

that is, this is the diagonal action.

31f you want a compact definition: it is a commutative monoid in the (2,1)-category of categories.



Definition 2.17. A tt-category is a triangulated category C with a symmetric monoidal struc-
ture such that the tensor product is exact in each variable separately. A tr-functor is an exact
symmetric monoidal functor between tt-categories.

Example 2.18. Let R be a commutative ring. The derived category D(R) has the structure of
a tt-category where the tensor product is left-derived from the tensor product ®g over R. For
example, given two R-modules M, N,

M®LN=F'®N=MagFY

for any flat resolutions of M or N, respectively.* This symmetric monoidal structure restricts
to one on D" (R) (but not on DP(R) in general), cf. (2.9).

Example 2.19. Let A be a cocommutative k-Hopf algebra and consider the symmetric monoidal
structure from Example 2.16. The tensor product is exact (if k is a field) hence trivially derives,
making D(A) into a tt-category. If A is finite-dimensional then DP(A) is a sub-tt-category.

3 Spectrum

We now have the language to make the crucial definitions. All the material in this section is
due to Paul Balmer.

Definition 3.1. Let C be a tt-category. An ideal I C C is a thick subcategory closed under
C®—.

Remark 3.2. In the literature, these are also called “thick ideals” or “tt-ideals”.

Remark 3.3. Obviously, the terminology is inspired by commutative algebra. Let us make
the (rough) analogy explicit:* This analogy will continue to guide us in this section.

abelian group triangulated category
addition shifts, extensions, direct summands
multiplication tensor product
1 1
0 0

Table 1: Categorification

Exercise 3.4. Show that ideals are precisely the kernels of tt-functors. This gives another
justification for wanting to classify ideals (as we are about to do).

Exercise 3.5. 0 is the minimal ideal and C is the maximal ideal. The intersection of ideals is an
ideal. In particular, given any collection of objects X C C there is a smallest ideal containing it.

4In the sequel, functors will be assumed derived by default and we will omit making this explicit.
Sto make it more tight one could restrict to idempotent-complete categories on the right



It is denoted by (X). It consists of those objects that can be built out of objects in X in finitely
many steps, using shifts, extensions, direct summands, and tensoring with objects in C.

We are now in a position to make precise the weaker equivalence relation alluded to in the
introduction.

Definition 3.6. Let a,b € C be two objects in a tt-category. They are called t1-equivalent if
(a) = (b). In other words, a and b are tt-equivalent if they can be built out of each other in
finitely many steps, as above.®

Exercise 3.7. Let k be a field and consider C = D (k). Show that 0 and C are the only ideals.
Hence any two non-zero objects are tt-equivalent.

The following definition is again analogous to the one in commutative algebra.

Definition 3.8. Let C be an essentially small tt-category.

1. A prime ideal is a proper ideal P € C such thata® b € P impliesa € Por b € P.

2. The spectrum Spec(C) is the set of prime ideals together with a basis for the topology

given by
U(a) := {P € Spec(C) | a € P}.

These are the distinguished opens. Their complements supp(a) := U(a)° are called
supports.

Remark 3.9. Essential smallness makes Spec(C) into a (small) set. There are other, more
subtle, reasons for focusing on (essentially) small tt-categories that we won’t get into here.

Exercise 3.10. Check that this is well-defined. More generally, prove that

L. supp(1) = Spec(C), supp(0) = 0,
. supp(a ® b) = supp(a) N supp(b)
. supp(a @ b) = supp(a) U supp(b)
. supp(Za) = supp(a)

s. if a1 — a» — a3 form part of a triangle then supp(a;) U supp(a;) is independent of i # j

N

S~ w

Exercise 3.11. Let F: C — C’ be a tt-functor. Show that Spec(F): Spec(C’) — Spec(C)
sending P to F~!(P) is well-defined and continuous. In fact, Spec(F)~'(U(a)) = U(Fa). This
extends to a contravariant functor from (essentially small) tt-categories to spectral spaces.

Remark 3.12. At this point you might expect a discussion of the structure sheaf on Spec(C).
This is one of the points where an enhancement (stable co-categories or dg categories) would
be required and we won’t have any need for the structure sheaf.

This may be compared with the analogous relation for elements in a ring: (x) = (y) if they differ by a unit.



Example 3.13. Let k be a field and consider C = DP(k) as in Exercise 3.7. 0 is the only prime
ideal so that Spec(C) is a singleton.

You will observe that Spec(k) happens to be a singleton as well. Indeed, in Corollary 5.6
will see that this is not a coincidence.

Exercise 3.14. Let P, Q € Spec(C). We say that P specializes to Q and write P ~» Q if Q € {P}.
Show that this is equivalent to Q € P. (This is not a typo. It is indeed the opposite of what
you might expect from commutative algebra: minimal ideals are closed while generic points
are maximal ideals. See Remark 3.18 for an explanation.)

Remark 3.15. Next we want to give an account of what the space Spec(C) measures.

1. First, we observe that Spec(C) is a spectral space, that is, it is the spectrum of a commutative
ring. Equivalently, it is sober, quasi-compact opens are closed under finite intersections
(even empty ones) and form a basis.

2. Recall that in commutative algebra the closed subsets correspond to radical ideals. Sim-
ilarly, for P € Spec(C) and a € C the condition a € P is equivalent to a®" € P. Con-
sequently supp(a) = supp(a®”) and we see that Spec(C) will not distinguish between
ideals and their radical closure. (An ideal I € C is called radical if x®" € I implies x € I.)

3. The only surprise is that ideals do not correspond to closed subsets in Spec(C) but rather
in its ‘Hochster dual’ Spec(C)". This is the spectral space with the same underlying set
and topology of opens generated by subsets that are closed and have a quasi-compact
complement in Spec(C).

Proposition 3.16. The association
{radical ideals in C'} & { dual-open subsets of Spec(C) }
I— U supp(a)

ael

is an inclusion-preserving bijection. The inverse is given by sending V- C Spec(C) to the set Iy of a € C
with supp(a) C V.

Exercise 3.17. You might find it illuminating to read up on Stone duality that establishes an
antiequivalence between bounded distributive lattices and spectral spaces. For then you will
see that f.g. radical ideals in a commutative ring as well as in an essentially small tt-category
form such a bounded distributive lattice. In the former case the spectrum implements the
equivalence above. In the latter case, the spectrum is the corresponding spectral space but
with the Hochster-dual topology. Proposition 3.16 is then a formal consequence of this.

Remark 3.18. You might wonder why Spec(C) has the Hochster-dual topology. At some
level this is simply a convention: taking the Hochster-dual is an involution so that no infor-
mation is lost. However, we will see later that geometric intuition demands the convention
chosen in Definition 3.8. It makes functors that we think of as ‘open’ actually induce open
maps on spectra, for example. In a similar vein, we will see later that with our convention
Spec(DPerf(R)) = Spec(R) (and not its Hochster dual).



4 tt-equivalence

Before completing the abstract discussion of the previous section we do one example that is
hopefully familiar to this audience.

4.1 Acyclic quivers

Let Q be a finite quiver and kQ its path algebra over k. A finitely generated kQ-module
is a finite-dimensional representation of Q and can also be identified with a functor from the
free category F(Q) on Q to mod(k). These admit a symmetric monoidal structure for which
(M ® N)(q) = M(q) ® N(q) for each vertex q € Q.

The following result is a special case of Yu-Han Liu and Susan Sierra which also deals with
relations in quivers.

Proposition 4.1 ([LS13]). Assume Q is acyclic. Then Spec(DP(kQ)) is discrete on the set of vertices

of Q.

Proof. Let Qg be the set of vertices and denote by S, the simple representation corresponding
to ¢ € Q. (That is, it is the representation with Sq(q’) = 8qqk.) Since the unit is an iterated
extension of the S;, the only ideal containing all S is Db (kQ). More generally, we observe
that (M) = (M ® Sq | g € Qo).

Now let P be a prime ideal. Observe that S; ® Sy = 0 € P whenever g # ¢/, so that P
contains all but one simple representation. It remains to show that I, := (S¢ | ¢ # ¢’) for a
fixed g € Qp is a maximal ideal. But if M ¢ I, by the observation above, M ® S, is a non-trivial
sum of Sy so that S; € (M). We conclude that Db(kQ) = (Sq:Iq) (M, I4). This concludes the
proof. ]

Remark 4.2. It is quite rare that the spectrum can be computed “by hand”, as in Proposi-
tion 4.1. Correspondingly, the result is somewhat disappointing in that only the cardinality
of Qy is recovered. Beyond being hopefully pedagogically helpful, this example is supposed to
draw attention to the role of the tensor product played in the definition of the spectrum. We
illustrate this with the following example.

Example 4.3. Consider the Kronecker quiver Q := ( e T3 o ) There is a well-known
equivalence
(4-4) D(kQ) = D°(P})

of triangulated categories with the derived category of coherent sheaves on the projective line.
Coherent sheaves come with a tensor product (over the structure sheaf) that, left-derived,
induces a tensor structure on Db([P’}(). We now observe that (4.4) is nor compatible with the
tensor structure. Indeed, while we won’t prove this we’ll get close to showing Spec(DP (P) =
P, in Section 5. (We'll show this for affine schemes.)

Another perspective is that the triangulated category D(kQ) has two different tensor
structures, giving rise to very different spectra!



In the proof of Proposition 4.1 the role played by the triangulated structure seems minimal.
This is not a coincidence as the following exercise shows.

Exercise 4.5 ([Pet13]). Let A be a symmetric monoidal category which is abelian and such that
the tensor product is exact in each variable. A coherent ideal is a non-zero subcategory closed
under kernels, cokernels, extensions, and ®A. This gives rise to the notion of coherent prime
ideals and the coherent spectrum Spec(A).

If C is a tt-category with a compatible bounded t-structure (that is, C¥ is a tensor subcat-
egory) then the map C 5 ¢ — &; H;(c) € C” induces a continuous map Spec(C”) — Spec(C).
Show that if C is hereditary, then this is a homeomorphism. (Hint: Construct an inverse.)

An example where this applies is acyclic quivers and we deduce that

Spec(D®(kQ)) = Spec(mod(kQ)).

4.2 Rigidity

We have made the point that the tensor product (often) plays an important role in the story.
We now single out a property, rigidity, that tends to make tt-geometry behave “better”. We
also point out that the quiver example was not rigid (at least if there is more than one vertex)
whereas the P!-example was.

Definition 4.6. An object a € C in a symmetric monoidal category is called (strongly) dualiz-
able if there is b € C and morphisms 1 — a® b and b ® a — 1 such that

a—a®b®a— a, b—>b®a®b—b

are both the identity maps. If such a b exists it is uniquely determined (e.g. because ®b is
adjoint to ®a) and denoted by a* and called the dual of a. If all objects in C are dualizable then
C is called rigid.

Exercise 4.7. Let R be a commutative ring. An R-module is dualizable iff it is finitely gener-
ated projective.

Exercise 4.8. (Without further assumptions on C this is probably quite tedious.) If C is a
tt-category show that the dualizable objects form a tt-subcategory.

Remark 4.9. The previous two exercises imply that DPerf(R) is a rigid tt-category. In fact,
the perfect complexes are precisely the rigid objects in D(R). In this particular case, this can be
proven more easily because a is dualizable iff the canonical evaluation map Hom(a, 1) ® a —
Hom(a, a) is invertible. (Here, as usual, all the functors involved are derived.)

Lemma 4.10. Let a € C be dualizable. Then {(a) = (a®") for any n > 1.

Proof. 1tis clear that (a®") C (a). For the converse, the defining property of a dualizable object
shows that a is a direct summand of a* ® a®2. In particular, a € (a®?) and so by induction
(a) C (a®") as well. ]



Corollary 4.11. If C is a rigid ti-category then every ideal is radical. In particular,

* the ideals in C are in bijection with dual-open subsets of Spec(C);
* (a) = (b) iff U(a) = U(b) iff supp(a) = supp(b).

Remark 4.12. In particular, at least if C is rigid, the space Spec(C) can be said to classify tt-
equivalence classes of objects in C. More precisely, there is a bijection (induced by taking the

support)

{ objects in C } / tt-equivalence <

{ closed subsets of Spec(C) with quasi-compact complement }

s Commutative algebra

In Remark 3.3 we drew on the analogy with commutative algebra to define the spectrum. In
the present section we will see how the commutative algebra notion is naturally recovered.
(In a sense that can be made precise the extension from algebraic geometry to tt-geometry is
even ‘fully faithful’, see [Aok+25].)

5.1 Decategorification and surjectivity

As mentioned above, it is rare that one computes the spectrum “by hand”. In this section we
will discuss two general tools that are often useful (and will be useful to us in the sequel). These
were introduced in [Baltoa; Bali8], respectively.

For the first one note that the endomorphism ring of the unit in a tt-category C forms a
graded-commutative ring Re := Hom¢(2°1, 1). We denote by Spec(Rc) its spectrum, i.e. the
set of graded prime ideals with the Zariski topology.

Definition 5.1. The association

comp: Spec(C) — Spec(Rc)
P  (f homogeneous | cone(f) ¢ P)

defines a continuous map that is called the comparison map.

We may think of this as a form of decategorification just as viewing C as a ring object was
a form of categorification.

Proposition 5.2 ([Balioa, Theorem 7.3], [Lau23, Proposition 2.7]). Assume C is rigid (e.g. gen-
erated by the unit (as a thick subcategory)) and R is noetherian. If comp: Spec(C) — Spec(Rc) is
injective then it is a homeomorphism.

We now relate a criterion for a map F: C — C’ to induce a surjection on spectra. For

this we say that F is ®-nilfaithful if F(f) = 0 implies that f is ®-nilpotent, that is, f®" = 0 for
some n > 0.

I0



Proposition 5.3 ([Bali8, Theorem 1.3]). Let C be rigid and assume that F: C — C’ is ®-nilfaithful.
Then Spec(F): Spec(C’) — Spec(C) is surjective.

Remark s.4. Recall that a flat map of commutative rings induces a surjection on spectra if it
is faithfully flat. ®-nilfaithfulness can be seen as an analogue of that condition.

5.2 (Graded) rings

Let R be a commutative dg-ring and D(R) its derived category. We denote by DPerf (R) the
thick subcategory generated by R. It is a tt-category with the symmetric monoidal struc-
ture ®g.

The following result is a generalization of a famous computation due to Michael Hop-
kins [Hop87] and Amnon Neeman [Neeoz]. (They treat the case where R is an ordinary
(noetherian) commutative ring.) It is well-known, see e.g. [Cl1s, § 3].

Theorem s.5. Assume that R isformal (as a cdga). Then the comparison map
comp: Spec(DPf(R)) — Spec(H.(R))
is a homeomorphism.
Proof. 1. By assumption we may assume R has zero differentials. (So, it is just a graded-
commutative ring.)
2. A filtered colimit of graded-commutative rings R®”) produces a limit

) lim comp )
@ Spec(Dperf(R(’))) = ., lirfnSpec(R(’))

1 1

in spaces. (This is clear for the target and not too difficult for the domain either. Or
see [Gal8, Corollary 8.7] for a similar argument.) Hence we may assume R is noetherian
of finite Krull dimension.

3. By Proposition 5.2, we only need to show injectivity.

4. Let f € R be a homogeneous nilpotent element. We claim that the base-change functor
DPerf(R) — DPf(R/£) is ®@-nilfaithful. Indeed, given a: R — M vanishing under this

functor. This implies that the composite R % M — M ® cone(f) also vanishes and

therefore « factors through M L, M. But then o®" factors through f®" = " which is
zero for n > 0.

It follows from Proposition 5.3 that the left vertical arrow in the following commutative
square is surjective. (The right vertical arrow is a homeomorphism.)

Spec(DP (R/f)) % Spec(R/f)

! |

Spec(Dperf(R)) _omp, Spec(R)

11



In particular, we may assume that R is reduced.

. LetP,Q € Spec(DPerF(R)) mapping to the same prime ideal m € Spec(R). The localiza-
tion R — Ry, induces a square

Spec(DP™ (Ry)) ——> Spec(Rpm)

/ |

Spec(DP™f (R)) ——%> Spec(R)

which is cartesian. Hence we may assume R to be a local ring and &, @ mapping to the
unique maximal graded ideal m.

. We now prove the theorem by induction on the Krull dimension of R. If zero then R
is a graded field (by the last two points) in which case every dg-module is free and the
claim is clear.

. If the Krull dimension is positive there is f € m a non-zero divisor. A similar argument
as in step 4 shows that DP"f (R) — DPf(R/f) x DPrf (R[1/f]) is ®-nilfaithful. But the
square

Spec(DP™ (R[1/f])) —> Spec(R[1/f])

/ l

com]

Spec(DP*f(R)) — % Spec(R)

is cartesian so that both %, @ must come from R/f. We can then apply the induction
hypothesis to conclude. m

Corollary 5.6. Let R be a commutative ring. Then the comparison map Spec(DPerf(R)) — Spec(R)
is a homeomorphism.

Remark 5.7. Under the homeomorphism of Theorem 5.5, the support (in the sense of tt-
geometry) of an object M € DP*f(R) corresponds to the usual support:

comp(supp(M)) = Supp(M) := {p | My # 0}

6 Finite groups

Let G be a finite group and k a field of characteristic p. We consider the group algebra kG and
finitely generated kG-modules mod(kG). As mentioned in the introduction, the classification
problem is typically wild. Given an arbitrary M € mod(kG), can we still say something useful?
It was understood a long time ago that the following is a potent invariant.

Definition 6.1. Via the canonical isomorphism we obtain a ring map

H*(G; k) = Ext; ,(k, k) — Ext;; (M, M),

I2



making the latter into a graded module over the former. The support variety of M is the (closed)
subset
Vo (M) := SuppH*(G;k) Ext, (M, M) < Spec(H*(G;k)) =: Vi

Remark 6.2. The space Vg (the cohomological support variety of G)7 is computable by a result

of Quillen. It is essentially a union of projective spaces - one of dimension r — 1 for each

elementary abelian p-subgroup of rank r - glued according to the way these subgroups are

subconjugate to each other. This is made more precise in the proof of Theorem 6.5 below.
It was proved by Jon Carlson that

1. If V(M) is disconnected then M decomposes [Car84].

2. The dimension of V(M) is exactly 1 greater than the complexity of M; that is, the degree
of the polynomial growth of a minimal projective resolution of M [Car83].

We will now see how tt-geometry very naturally gives rise to the support variety (Exercise 6.8)
and even recovers the first of Carlson’s results (Remark 6.9). (We are not aware that the second
one can be obtained purely from tt-geometry.)

Remark 6.3. If M, N € mod(kG) then M ® N € mod(kG) has the diagonal action
g(m®n) = gm® gn.

Since ® is exact in both variables, it trivially descends to a symmetric monoidal structure
on DP(kG), making the latter category into a rigid tt-category. Observe that

Rpb k) = Extys(k, k) = H'(Gs k)

is nothing but the group cohomology with coeflicients in k. In particular, the construction
of Definition 5.1 defines a continuous map

(6.4) comp: Spec(DP(kG)) — Spec(H*(G;k)) = Vg

and we want to prove the following important result. Our proof will follow Jon Carlson and
Srikanth Iyengar [Clrs] rather than the original.

Theorem 6.5 ([BCR97]). The map (6.4) is a homeomorphism.

Proof. Just to improve readability we will assume p > 0 is an odd prime. The proof is quite
easy when p = 0 (both sides are a singleton). The proof for p = 2 is virtually the same as in the
odd case.

1. Let € be the category of elementary abelian p-subgroups E < G, with morphisms E —
E’ given by g € Gsuch that EY C E’. (The composition is multiplication in G.) Restriction

7Although, more often, the latter usually denotes the complement of the unique closed point H>"(G; k) €
Spec(H*(G; k)) (the “irrelevant ideal”).
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to these elementary abelian p-subgroups induces a commutative square

colimgeg Spec(DP(kE)) —— Spec(DP(kG))
lcomp lcomp
colimges Spec(H*(E; k)) —— Spec(H*(G;k))

where Quillen (essentially) proved that the horizontal arrows are homeomorphisms.
(Quillen proved it for the bottom row but his ideas also apply to the top row, see [Balt6].)
We therefore reduce to G = E an elementary abelian p-group of rank r.

2. An easy computation, for example using that kE = (kC,)®", shows that®
H(E) := H*(E;k) = S®; A

is a tensor product of a symmetric algebra on r generators of degree 2, and an exterior
algebra on r generators of degree 1. In particular, the group cohomology is noetherian
so that we reduce to prove injectivity of (6.4), by Proposition s.2.

3. Let H(E) — H(E) be the quotient by the nilradical. (That quotient is thus a polynomial
algebra in r generators of degree 2.) We will construct the top horizontal map ¢ in a
commutative square

Spec(DPf(F(E))) —%> Spec(DP(KE))
(6'6) Theorem 5.5l~ l

Spec(H(E)) = Spec(H(E))

and show that it is surjective. It follows that the right vertical arrow is injective, as
required.

4. We observe that a surjective spectral map such as ¢ corresponds precisely to an injective
lattice map

{f.g. radical ideals in DY(KE)} — {f.g. radical ideals in pPerf (H(E)},

see Exercise 3.17 and [DST19, Theorem s.2.5]. By rigidity, we may drop “radical”
(Corollary 4.11), and since both categories are generated by the tensor unit (as a thick
subcategory), we may also drop “ideal”. Indeed, every thick subcategory is automatically
an ideal. It therefore suffices to construct an exact functor F: DP™f (F(E)) — DP(kE)
such that F~1 is injective on f.g. thick subcategories. The construction of F will proceed
in several steps.?

$We now start omitting k from the notation
9Both categories are generated by a single object (k on one side and H(E) on the other) and their graded endo-
morphism rings are both the cohomology of E with coefficients in k. However, the dg algebra of endomorphisms

of k in DP(KE) is not formal and so there is no obvious comparison between the two categories.
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s. The first order of business is to choose a basis E = F, [e] with e = (ey, .. ., e,) for the F,-vs.

(
This endows the group algebra with a presentation kE = k[f]/(f") (where f; = ¢; - 1)
\

and the cohomology with polynomial generators H(E) = k[e"] in degree 2.

. .
Let H(E) = EXtﬁ(E)
bra on generators ely! in degree —1 and zero differentials. Koszul duality establishes an

equivalence

(k, k) be the Koszul dual. Viewed as a dga, it is an exterior alge-

DPerf (FI(E)) ~ thick(k) ¢ D(H(E))).

6. To introduce differentials into the picture we now consider the Koszul complex Kos(f)
(over kE) on the f;, viewed as a dga. In other words, it is the exterior algebra on some }i’
in degree —1 with d(f/) = fi. Sending the e to ¥ - f/ induces an equivalence H(E)' —
Kos(f) and hence

D(H(E)') > thick(k) — thick(k) c D(Kos(f))

7. Finally, consider the canonical map kE — Kos(f). It induces an adjunction

A::—®kEKos(£)

D(kE) ___ D(Kos(f))
p f

with p the right adjoint. Let M, M’ € thick(k) = Db(kE) ¢ D(kE). We want to show
that

(6.7) p~(thick(M)) c p~!(thick(M"))
implies thick(M) C thick(M”). But (6.7) implies that A(M) € p~!(thick(M")), that is,
M & Kos(f) € thick(M").

One now observes that kE is built out of Kos( f)in finitely many steps so that also M €
thick(M”).
Combining the equivalences in previous steps and p produces the functor F: prerf (H(E)) —

D (kE) and it is injective on f.g. thick subcategories by the previous paragraph. We omit
the check that the square (6.6) commutes.

O

Exercise 6.8. The definition of V(M) in Definition 6.1 makes sense even for M € DP(kG).
Show that comp(supp(M)) = V5(M).

Remark 6.9. Assume C is an idempotent complete rigid tt-category and suppose that supp(c) =
Z111Z> <€ Spec(C) decomposes into two closed subsets with quasi-compact opens. Then
¢ = ¢ @ o with supp(c;) = Z;, by [Balo7]. Together with Exercise 6.8 this implies Carlson’s
first result mentioned in Remark 6.2.
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